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Abstract

By virtue of the technique of integration within an ordered product of operators
we derive the normal ordering expansion of the power of radial coordinate
operators in the n-dimensional coordinate space. The use of Bessel function
has greatly simplified the calculation. Moreover, the use of Kummer’s first
formula for the confluent hypergeometric function makes the result neat and
concise.

PACS number: 03.65.Pm

1. Introduction

In a recent paper [1] we have derived the normal ordering expansion of the Dirac’s radial
momentum operator [2], and the operator identities of the power of the radial coordinate
operator 7, 7 corresponds to the radius value r = \/m . The derivation is proceeded
by virtue of the technique of integration within an ordered product (IWOP) of operators [3].
For example, we have shown that the normal ordering of #* (k = 2m is even)

m

~2m (2m+1) A12m—21
= N . 1
" ;4’(2m+1—2l)!l! 17 M

where :: denotes normal ordering, 72 = X7+ X3+ X7, X; is related to bosonic creation operator
a' and annihilation operator a by

Xl' = %(aj +Cll'). (2)

An interesting question thus naturally arises: formula (1) holds in the three-dimensional
coordinate case, and r is SO(3) rotation invariant. How about if r is SO(n) rotation invariant,
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which means when r = m, #? = X} + X3 +--- + X2, then how to modify
formula (1)? To put it in another way, what is the normal ordermg expansion of operator
# defined in n-dimensional coordinate space? In the following we shall employ the IWOP
technique to discuss it.

We study the Hermitian radius operator 7% in n-dimensional coordinate space via the
equation

= /d”)? %) (¥]r" 3)

where |X) is the n-dimensional coordinate eigenvector |X) = |x1)|x2) - - - |x,). As the first step,
we use the IWOP technique to truely perform the integration of [ d"X |X)(X| in spherical polar
coordinates to confirm both the n-dimensional completeness relation and the feasibility of the
IWOP technique.

1.1. Preparation for the integration in n-dimensional spherical polar coordinate

The Fock space expansion of the n-dimensional coordinate eigenvector is

. } . 1 1 -
|X) =7~ exp {Z |:—§xi2 + 2)cl-aiT — Eajzi” 10). 4)

i=1

Using the normal ordering of the n-mode vacuum state projector

10Y(0] = exp|: Za a,:| : (5)

and defining r? = Y7 2, ¥ = (ri, 2, x0), Xi = 5 (@ +a)), X = (X1, Xa, o, X,
we have

IX)(¥| =772 s exp {; [—xiz +V/2x;(a; +al) — %(a?z +a}f) — aja,-i| }:

=% exp{—r+2%- X — X%} :. 6)

X isnow within the normal ordering symbol :: and can be treated as a c-number vector when one
performs an integral over X in equation (6). For simplifying the integration, we rotate the frame
of coordinate system x to x’, a new frame of coordinates whose one component x| axis directs

along the X vector, so that X = X1/ X2+ X2+ + X2 This rotation, keeping both
the radius r = ' = / x,z and the 1ntegrat10n measure invariant, is an orthogonal

transformatlon with J acoblan belng 1. Then equation (6) becomes
/d”)_c' X)X =n"%: /d”);’ e:xp{—r’2 +217x) — |P1%) @)

where we have defined

|f|=\/xf+X§+---+Xg.

Now we are ready to integrate d"x’ of (7) in its n-dimensional spherical polar coordinate.
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1.2. The one-dimensional radial coordinate integration involved in [ d"X |X)(X|

Firstly, we transform d"x’ to the volume element in spherical polar coordinates by setting
xy =r'cos6;

xy = r'sin6; cos 6,

x,_; =r'sin6;sin6, - --sinb,_,cosb,_;
;. . . .
X, =71 sin@;sin6,---sin6,_»sinb,_;

where 0 <0 <m,...,0<6,» <m,0<6,_1 <2m. The Jacobian for the transformation
is
a('xlaxl5"'a~x,) n=l . .
= 72 no— ' sin" 26, sin" 26y - - sinb,_s.
a(r/5 917 ety 9}1—1)

Therefore,

2
/d";c'p‘c' )V (X| = / / / / dr' 6y - - - d6,_» d6,_,

xr’ s n"2 0, sin" 36, -sinb,_, : exp{—r’ +2|r|r cost — 7%} . (8)
Using the well-known formula
T (L) (mt
/ Slnm9d9 — (2)m ( 2 )
0 F (7 + 1)

where I' is the Gamma function, and adopting the IWOP technique we perform the integrations
over the azimuth angles 6, 63, . .., 6,_; in (8) one by one, and obtain

RN 2 o0 n-1 2 T . Al 512
d"X |X)(X| = ——~ / dr'r’ e’ / de, sin" 2 9, 2ot o= IFIT . )
/ var (55H) o 0

Then we recall the Poisson integration formulation [7]
(z/2)" g
ST +1/2) Jo

where J,(z) is the Bessel function, and z and v are complex numbers. To further carry out the
integration over d6; in (9) we let —2i|#|r’ = z, % — 1 = v (note n > 3), and use (10) to obtain

1
Jy(2) = exp(iz cos ) sin®" 6 df Re(v) > —3 (10)

T -
/ d6y sin" 2 g el s = VL (® 2 )1 Ts ((=2ilF|r). (11)
0 (=ilflr)3-
Substituting (11) into (9) yields
N o o n 2 e_lilz
/d”x |%) (%] =2:/ re T (<20R) A ———— ¢ (12)
0 (=il7D>~

Using the definition of Bessel function [7]
< (_ 1)1Z21+u

Jv(Z) = ;m (13)

and that of the Gamma function

I'(z) = /Ooe_’tz_l dt Re(z) > 0 (14)
0
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we obtain
N2\ /2 9. > I - (_l)l a2+ 51 / e_mz .
/d X)X 2./0 e (;ur(gu)( i[7[r") )dr ST
oo 1 o0 .
=y </ e Ml 1en/2 d)\) |P[e™ "
par nr(2+1) \Jo
= 1 "
=: ZF(|f|2)’e—'f' =1 (15)

l

Il
=}

By far, we have used the IWOP technique to confirm the n-dimensional completeness
relation [ d"X |X) (x| in spherical polar coordinates.

2. The normal product form of the radial coordinate operator #-* in rn-dimensional
coordinate space

Now using (3) and (15) as well as the IWOP technique, we can derive the normal product

form of the radial coordinate operator Pk,

k o 5+ 2 e—|f”|2
=2 / dr' e Jz_l(—21|f|r’)> .
0 ’ (=i[rph2~

ad l R n+k 212
= Z — </ e MalmH dk) |#|H eI
~ T (2+1) \UJo

(—D'T (1 +25)

=2 I (2 +1)

=0

2 1

1712 e (16)

With the help of the recurrence relation of the Gamma function [7]
F'z+n)=(+n—DE+n—-2)---z2I'(2) (n is an integer,n > 1)

equation (16) becomes

n+k 00 n+k
= FF((?)) > ;.Ta;’ PP e (17)
2) =0 " \2);
where we have defined
()»)ozl,...,()\),,=)»()»+l)---()»+n—l)=M n=>1.
o)

For simplicity, it is worthwhile to rewrite the above result in terms of the confluent
hypergeometric function F(«; y; z),

= (@), i
Fla;y;2) = Z'. (18)
,;: 1N (y),

Thus

i |f|2> e (19)
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Further, using Kummer’s first formula [8]
Flo;y;2) =€ F(y —asy5—2) (20)
we can further simplify (19) as
[ (k k
P () <——; r. —|f|2) . Q1)
r 72

By far, we have derived the normally ordered expansion of power of radial coordinate operator
#* in n-dimensional coordinate space. Note that n denotes the dimension of coordinate space.

In particular, when n = 3, (19) reduces to (note (—m)+1 = (—m) 2 = --- = 0)
I(m+3 3 2m+ DI <A (—
jon L+ 2) 2)F<—m; 3. —|f|2> po DRSOy
r (E) 2 2 1=0 n (E)l
- Cm+ )12 m! 22
; I'\(m —1)'2m — 21U + D! 17l
- 2m+1)! :
S e L KT (22)
=4l 2m =20 + 1)
as expected. When n = 4, (21) reduces to
~2m  (—m); A1241
=: DYy —=(— :
P (m+1) ; iy, D
a (_m)mfl’ A 2vm—1'
=: Dy ——— (-t
D iy
- D)'m! :
N P A L I— (23)
1 (m =) m =1+ 1)

Equations (23) and (22) are quite different.

In summary, we have derived the normal product form of the radial coordinate operator ¢
in the n-dimensional coordinate space, which is a non-trivial generalization of [1]. Comparing
the derivation of this work with the integration procedures in our previous paper [1], we
conclude that the use of Bessel function defined in (18) has greatly simplified the calculation.
Moreover, the use of Kummer’s first formula for the confluent hypergeometric function makes
the result neat and concise.

Acknowledgments

This work is supported by the National Natural Science Foundation of China under grant
10175057 and the President Foundation of Chinese Academy of Science.

References

[1] Fan Hongyi and Chen Jun-hua 2001 J. Phys. A: Math. Gen. 34 10939
[2] Dirac P A M 1958 Principles of Quantum Mechanics 3rd edn (Oxford: Oxford University Press)
[3] Fan Hongyi, Zaidi H R and Klauder J R 1987 Phys. Rev. D 35 1831
[4] Wiinsche A 1999 J. Opt. B: Quan. Semiclass. Opt. 1 R11
Fan HY 1990 J. Phys. A: Math. Gen. 23 1833



1536 Addendum

Fan HY 1990 J. Phys. A: Math. Gen. 25 4269
Fan H'Y and Vandelinde J 1991 J. Phys. A: Math. Gen. 24 2529
[5] Fan HY and Cheng H L 2001 J. Phys. A: Math. Gen. 34 5987
[6] Fan HY and Zaidi H R 1987 Phys. Lett. A 124 303
[7] Whittaker E T and Watson G N 1927 A Course of Modern Analysis 4th edn (Cambridge: Cambridge University
Press) p 366
[8] Wan Zhu-xi and Guo Dun-ren 2000 An Introduction to Special Function (in Chinese) (Peking University Press)
p 290



